Throughout this paper k denotes an algebraically closed field. All algebras considered here are basic connected finite-dimensional k-algebras. The stable category mod Λ of the category mod Λ of finite-dimensional right modules over a selfinjective algebra Λ has the canonical structure of a triangulated category. We say that selfinjective algebras Λ and Π are stably equivalent in case the stable module categories mod Λ and mod Π are equivalent as triangulated categories. Further algebras Λ and Π are said to be derived equivalent if the bounded derived categories D b (mod Λ) and D b (mod Π) of mod Λ and mod Π are equivalent as triangulated categories. It is well-known that if two selfinjective algebras are derived equivalent, then they are stably equivalent (see 2.3] or Rickard [15, Theorem 2.1]). We are interested in finding derived equivalent pairs of selfinjective algebras, thus also in the problem when the converse statement holds. (Although the cases treated in this paper are somewhat far from symmetric algebras, this problem itself is related to Broué's conjecture [4] stating that if G is a finite group and Λ is a block of kG with abelian defect, then Λ would be derived equivalent to its Brauer correspondent Π, because in some important cases it is already known that Λ and Π are stably equivalent.)
Throughout this paper k denotes an algebraically closed field. All algebras considered here are basic connected finite-dimensional k-algebras. The stable category mod Λ of the category mod Λ of finite-dimensional right modules over a selfinjective algebra Λ has the canonical structure of a triangulated category. We say that selfinjective algebras Λ and Π are stably equivalent in case the stable module categories mod Λ and mod Π are equivalent as triangulated categories. Further algebras Λ and Π are said to be derived equivalent if the bounded derived categories D b (mod Λ) and D b (mod Π) of mod Λ and mod Π are equivalent as triangulated categories. It is well-known that if two selfinjective algebras are derived equivalent, then they are stably equivalent (see 2.3] or Rickard [15, Theorem 2.1]). We are interested in finding derived equivalent pairs of selfinjective algebras, thus also in the problem when the converse statement holds. (Although the cases treated in this paper are somewhat far from symmetric algebras, this problem itself is related to Broué's conjecture [4] stating that if G is a finite group and Λ is a block of kG with abelian defect, then Λ would be derived equivalent to its Brauer correspondent Π, because in some important cases it is already known that Λ and Π are stably equivalent.)
In [2] we gave the derived equivalence classification of representation-finite selfinjective algebras, and as a corollary we have obtained that two such algebras are derived equivalent if and only if they are stably equivalent, namely the converse statement holds for these algebras. Here recall from [2, Remark 2.1 (1) ] that the frequency of a representation-finite selfinjective algebra Λ( = k) defined in [2, 2.1] is equal to the rational number s/n, where s is the number of isoclasses of simple Λ-modules and n the number of vertices of the tree class of Λ (see Definition 6.3) . In this paper we will give the derived (and stable) equivalence classification of a class of selfinjective algebras which is much wider than the class of representation-finite selfinjective algebras with integral frequency, and will show that also in this class of algebras the converse statement holds.
Let A be an algebra and n an integer ≥ 1. Then an algebra of the form T n φ (A) := A/ φ ν n A for some automorphism φ of A, is called a twisted n-fold (trivial ) extension of A, whereÂ denotes the repetition (= the lower triangular version of the repetitive algebra in Hughes and Waschbüsch [11] ) of A,φ is the automorphism ofÂ induced by φ in an obvious way, and ν A is the Nakayama automorphism ofÂ (see [2, 2.3] in whichÂ andφ were denoted by A Z and φ Z , respectively). For brevity we usually omit the word "trivial". A twisted m-fold extension of A for some integer m ≥ 1 is called a twisted multifold extension of A, and it turns out to be a selfinjective algebra. Note that if φ is the identity automorphism 1l of A and n = 1, then T 1 1 l (A) is isomorphic to the trivial extension T (A) := A DA of A by the A-A-bimodule DA := Hom k (A, k), from which the terminology was taken. Using this notion representation-finite selfinjective algebras with integral frequency are characterized as follows (see [2, 6.1 
]):
Proposition. Let Λ be an algebra and n an integer ≥ 1. Then Λ is a representationfinite selfinjective algebra with frequency n if and only if it is (isomorphic to) a twisted n-fold extension of an algebra which is tilted from a hereditary algebra kQ defined by a Dynkin quiver Q.
An algebra A is called piecewise hereditary if it is derived equivalent to a hereditary algebra H (Happel [9, IV.1]). Note here that the ordinary quiver Q of H has no oriented cycles and H ∼ = kQ. This Q is called a type of A (type is uniquely determined up to "reflections"). A piecewise hereditary algebra is said to be of tree type if its type is an oriented tree. Note that a piecewise hereditary algebra A is of tree type if and only if the first Hochschild cohomology H 1 (A) := H 1 (A, A) of A vanishes (see, e.g., Happel [10, Theorem 2.2] ). In section 8 we will define the (derived equivalence ) type typ(Λ) for a twisted multifold extension Λ of a piecewise hereditary algebra of tree type, which is an extension of the corresponding definition of the type of a representation-finite selfinjective algebra. The set C of all these types is equal to the set of triples (T, n, η) with T a (finite and connected) tree, n an integer ≥ 1 and η a conjugacy class of the group of automorphisms of T . We are now in a position to state our main result in this paper.
Main Theorem. Let Λ and Π be twisted multifold extensions of piecewise hereditary algebras of tree type. Then the following are equivalent.
(1) Λ and Π are derived equivalent; (2) Λ and Π are stably equivalent; and (3) typ(Λ) = typ(Π).
Therefore the set C of all types parametrizes the derived (resp. stable) equivalence classes in the class of twisted multifold extensions of piecewise hereditary algebras of tree type.
In section 2 we recall fundamental facts about the repetition of an algebra, the repetition of an isomorphism and right modules over the repetition of an algebra; and prepare Lemmas 2.6 and 2.7 to investigate the action of an automorphism of a hereditary algebra A on the stable Auslander-Reiten quiver of the repetition of A. In section 3 we collect necessary facts on derived equivalences from [2] . We make full use of Proposition 3.6 (= [2, Proposition 5.4.3]) to deduce derived equivalences between twisted multifold extensions. In section 4 we first recall facts about trees, and then give a special orientation on a tree, which is needed in later sections. Section 5 is devoted to a reduction of the problem on piecewise hereditary algebras of tree type to hereditary tree algebras, which makes it possible to define the third component of the (derived equivalence) type for a twisted multifold extension of a piecewise hereditary algebra of tree type. In section 6 we describe the stable Auslander-Reiten quiver of a twisted multifold extension of a piecewise hereditary algebra of tree type, and show that in this class of algebras the underlying graph of the tree type and the folding number, which are the first and the second components of the type, are invariant under stable equivalences. In section 7 we investigate twisted n-fold extensions T n φ (kQ) of a hereditary tree algebra kQ for a fixed n ≥ 1 and a fixed quiver Q, where φ runs through the group of automorphisms of kQ. In the class of these algebras it is shown that the third component of the type, which is defined by φ, depends only on the stable equivalence class, and that the isoclass of an algebra is determined by the permutation of the vertex set of the quiver Q induced by φ. In particular, the latter shows that in many cases stably equivalent twisted multifold extensions of a hereditary tree algebra are isomorphic. In section 8 for a twisted multifold extension of a piecewise hereditary algebra of tree type, we define the (derived equivalence) type, which is shown to be welldefined by the statements in sections 6 and 7, and we give a proof of Main Theorem. Finally in the appendix we notice that the argument using Proposition 7.3 can be applied also to the last parts of the proofs of the classification theorems in [1] and [2] .
Preliminaries
In the sequel every tree considered here is assumed to be finite and connected. For a quiver Q we denote by Q, by Q 0 , by Q 1 and by kQ the underlying graph of Q, the set of vertices of Q, the set of arrows of Q and the path-category defined by Q, respectively. An algebra A is called a tree algebra if its ordinary quiver is an oriented tree.
For an additive category A, we denote by H(A) and H b (A) the homotopy category of differential complexes and the homotopy category of bounded differential complexes in A, respectively; and when A is an exact category, we denote by D(A) and by D b (A) the corresponding derived categories.
Recall from Gabriel-Roiter [8] that a small category A is called a spectroid (= a locally finite-dimensional category in [7] ) if the following three conditions are satisfied:
(i) Distinct objects of A are not isomorphic; (ii) Every object of A has a local endomorphism algebra; and (iii) The space A(x, y) is finite-dimensional for every x, y ∈ A. For a spectroid A, A is called finite if A has only a finite number of objects; and A is called locally bounded if for every x ∈ A, there are only finitely many y ∈ A such that A(x, y) = 0 or A(y, x) = 0.
For a spectroid A, we denote by Mod A the category of all (right) A-modules (= contravariant functors from A to the category Mod k of k-vector spaces); by mod A the full subcategory of Mod A consisting of finitely presented objects; and by pro A the full subcategory of Mod A consisting of finitely generated projective objects. In addition, mod A denotes the stable category of mod A. By D := Hom k (-, k), by Ω A , by τ A , by Γ A and by s Γ A we denote the usual selfduality of A, the loop functor mod A → mod A, the Auslander-Reiten translation of A, the Auslander-Reiten quiver of A and the stable Auslander-Reiten quiver of A, respectively.
As in [1] we regard every algebra A as a finite spectroid, namely fixing a set obj(A) := {e 1 , . . . , e p } of orthogonal local idempotents of A with e 1 + · · · + e p = 1, A is identified with the finite spectroid c(A) defined as follows: the set of objects of c(A) is obj(A) and c(A)(x, y) := yAx for all x, y ∈ obj(A) and the composition of c(A) is given by the multiplication of A. Therefore, in particular, automorphisms of A are required to preserve the set obj(A). The expression x ∈ A stands for x ∈ obj(A).
By Aut(X) we denote the group of automorphisms of a quiver, a graph, a translation quiver or a spectroid X.
Repetitions
First we recall the definition of the repetition of an algebra (from [2, 1.2] to fix the notation) and the way how to compute repetitions for tree algebras from a more general construction in [2, 1.3, 1.5].
Definition 2.1. Let A be an algebra.
(1) A k-categoryÂ, called the repetition of A, is defined as follows (Cf. [11] , [8] ).
Objects are the pairs x [n] := (x, n) with x ∈ A and n ∈ Z.
is given as follows: (i) If m = n, l = m, then this is the composition of A:
(ii) If m = n, l = m + 1, then this is given by the right A-module structure of DA(−, ?): 
, the embedding functor. (3) The Nakayama automorphism ν A ofÂ is defined by
for all x ∈ A and for all f ∈ A(x, y), ϕ ∈ DA(y, x) with x, y ∈ A.
Note thatÂ is a locally bounded spectroid. A path µ from y to x in a quiver with relations (Q, I) is called maximal if µ ∈ I but αµ, µβ ∈ I whenever there is an arrow α of Q with tail x or an arrow β with head y. (This was called complete in [2] .) For a k-vector space V with a basis {v 1 
for all i ∈ Z, whenever there is a maximal path µ from y to x in (Q, I) (we sometimes denote this α 
For each x
is commutative; and
for all x, y ∈ A and all ϕ ∈ DA(y, x). Proof. This is straightforward by the definition of the repetition of isomorphisms.
We recall a presentation of right modules over the repetition of an algebra. For an algebra A define a category E = E A as follows (cf. [9, 2.1]) (note that we are dealing with right modules, not with left modules as in [9] ). The objects of E are the sequences (M i , m i ) i∈Z with M i ∈ mod A for all i, M i = 0 for almost all i, and
Then the following is well-known. Let A be an algebra and φ ∈ Aut(A). Then φ induces an equivalence
induces an equivalenceφ(-) : modÂ → modÂ. With this notation we have the following, which is used to investigate the action of φ on components of the stable Auslander-Reiten quiver ofÂ.
Lemma 2.7. Let A be an algebra and φ ∈ Aut(A). Then we haveφ(η(X))
Proof. This is straightforward.
Derived equivalences
For a group G acting on a category S we say that a subclass E of the objects of S is G-stable (resp. G-stable up to isomorphisms) if gx ∈ E (resp. if gx is isomorphic to some object in E) for all g ∈ G and x ∈ E.
Let A be an algebra and φ ∈ Aut(A). Then φ acts on mod A as φ (-). In particular for A(-, x) with x ∈ A, we have -, φx) , and the last isomorphism is given by φ itself. Thus the identification φ (A(-, x)) = A(-, φx) depends on φ, and the subset {A(-,
This makes it difficult to give explicitly a complete set of representatives of isoclasses of indecomposable objects of 
. . , y m ); and the composition is given by the matrix multiplication. We regard that A is contained in ⊕A by the embedding (f :
Remark 3.2. Let A and φ be as above.
We cite the following from [2, Proposition 5.1] which follows from Keller [12] (Cf. Rickard [14] , [1, Proposition 1.1]). 
is closed under direct summands and isomorphisms; and (c) E is isomorphic to B.
Definition 3.4. We say that spectroids A and B are derived equivalent if one of the equivalent conditions above holds. In (2) 
A special orientation of a tree
Let T be a tree with the set of vertices T 0 . Then we denote by Aut(T ) the group of all automorphisms of T . For each f ∈ Aut(T ) we set Fix(f ) := {x ∈ T 0 |f (x) = x}. where L and R are subtrees of T isomorphic to each other. Here both vertices x and y are fixed by all f ∈ Aut 0 (T ), and g(x) = y and g(y) = x for all g ∈ Aut(T )\ Aut 0 (T ). Note that if a quiver Q is obtained from T by giving an orientation ρ, then each automorphism of Q is considered as an automorphism of T preserving the orientation ρ, i.e., the group Aut(Q) of all automorphisms of Q is a subgroup of Aut(T ). By the remark above we further have Aut(Q) ⊆ Aut 0 (T ). We call the orientation ρ admissible if Aut(Q) = Aut 0 (T ). (2) ρ is admissible. Indeed, let f be in Aut 0 (T ), and y → z an arrow in Q. Then
Remark 4.2. If A is a piecewise hereditary algebra of tree type Q, i.e., if A is derived equivalent to kQ for an oriented tree Q, then we may assume that Q is admissibly oriented and with a unique source by Lemma 4.1 because kQ is derived equivalent to kQ for all quivers Q with Q = Q.
Reduction to hereditary tree algebras
For an algebra A recall from [9, III. 1.4] 
where dim X i is the usual dimension vector of the A-module X i for each i. We denote by ∨ i∈I X i the disjoint union of a family (X i ) i∈I of translation quivers, thus X i forms a connected component in ∨ i∈I X i for each i ∈ I. In the next lemma we collect fundamental facts on the Auslander-Reiten quiver of the derived category of a piecewise hereditary algebra.
Lemma 5.1. Let A be a piecewise hereditary algebra having a type Q and let
n = rank K 0 (A). Set Γ D b (mod A) to be the Auslander-Reiten quiver of D b (mod A). If Q is a Dynkin quiver, then Γ D b (mod A) ∼ = ZQ. Now
assume that Q is not a Dynkin quiver. Then the following hold:
(1) Γ D b (mod A) has the following form.
where X i ∼ = ZQ and R i is isomorphic to the union of all regular components of the Auslander-Reiten quiver of kQ for each i ∈ Z, and the shift maps X i to X i+1 and R i to R i+1 ; and further
Proof. The Dynkin case and the statement (1): Using a derived equivalence between A and kQ the assertion is reduced to the corresponding statement on kQ, which follows from [9, Proposition I.5.5].
The statement (2): By [9, Proposition III.1.5] the assertion is also reduced to the corresponding one on kQ, which is easy to verify using the formula (5.1).
The statement (3): Since X 0 is not isomorphic to any component of R i for any i ∈ Z, there is some j ∈ Z such that F (X 0 ) ⊆ X j . Then since F commutes with the shift,
The uniqueness of j is obvious.
Let Q be an oriented tree. Then for each ψ ∈ Aut(Q) we define Zψ ∈ Aut(ZQ) by (Zψ)(i, z) := (i, ψ(z))) for all (i, z) ∈ (ZQ) 0 .
Lemma 5.2. Let Q be an oriented tree and ψ, ψ ∈ Aut(Q). If Zψ is conjugate to Zψ in Aut(ZQ), then ψ is conjugate to ψ in Aut(Q).
Proof. Assume that Zψ is conjugate to Zψ in Aut(ZQ). Then there is an F ∈ Aut(ZQ) such that the inner central square of the following diagram is commutative:
where pr : ZQ → Q and p : Aut(ZQ) → Aut(Q) are the canonical morphisms. Since the four trapezoids are commutative and since pr is surjective both on vertices and on arrows, the outer square of the diagram is also commutative. Hence ψ is conjugate to ψ in Aut(Q).
When A is an algebra of finite global dimension (e.g. when A is a piecewise hereditary algebra), we have identifications
in an obvious way, by which we also identify the Auslander-Reiten quivers of these categories: Proof. If Q is a Dynkin quiver, then Γ H b (⊕A) ∼ = ZQ, so we have X = Γ H b (⊕A) . In this case it is obvious that X is stable underφ. If Q is not a Dynkin quiver, then by Lemma
, where X i ∼ = ZQ and R i is isomorphic to the union of all regular components of the Auslander-Reiten quiver of kQ for each i ∈ Z. Thus we have X = X i for some i ∈ Z.
Now since A has only finitely many objects and the automorphism φ of A induces a permutation of objects of A, there is some integer m ≥ 1 such that φ m (a) = a for all a ∈ A. Thus we haveφ
In the case that Q is a Dynkin quiver, this shows thatφ m has a fixed vertex in X . In the case that Q is not a Dynkin quiver, (5.2) shows that the jump ofφ must be zero, and hence we haveφ(X ) = X , i.e., X is stable underφ. Further (5.2) implies that φ m (X) = X for all X ∈ ⊕A. Therefore by (5.1) we have dimφ 
where p is the canonical morphism and τ is contained in the center of Aut(ZQ). Put ψ := p(ρ) ∈ Aut(Q). We show the following.
Suppose that ψ ∈ Aut 0 (Q). Then Q has the form (4.1). We show that ρ m does not have any fixed vertex, which contradicts the above consideration. If m is odd, then since ψ exchanges L with R and x with y in (4.1), so does ψ m = p(ρ m ), which shows that ρ m cannot have a fixed vertex. Assume that m is even and put m = 2u for some u ≥ 1. We may assume that x is a unique source in Q. Then note that in ZQ, if there exists a sectional path (n, x) → · · · → (s, z) with n, s ∈ Z and z ∈ Q 0 , then we have s = n. This enables us to compute the action of ρ on ZQ as follows.
First, since ψ(x) = y, we have ρ(0, x) = (t, y) for a unique t ∈ Z. Then ρ(n, x) = (n + t, y) for all n ∈ Z because ρ commutes with the translation of ZQ. Second, since ψ(y) = x, we have ρ(0, y) = (s, x) for some s ∈ Z. Here since there is an arrow (t, y) = ρ(0, x) → ρ(0, y) = (s, x), there is also an arrow (s − 1, x) → (t, y), which is a sectional path. Thus s = t + 1 and we have ρ(n, y) = (n + t + 1, x) for all n ∈ Z. Next, for each r ∈ R 0 , we have ρ(0, r) = (s, ψ(r)) for some s ∈ Z and there exists a sectional path (t + 1, ψ(r) ). Thus s = t + 1 and ρ(n, r) = (n + t + 1, ψ(r)) for all n ∈ Z. Finally, by the same way we have ρ(n, l) = (n + t, ψ(l)) for all n ∈ Z and l ∈ L 0 .
Using this compute ρ 2 to have ρ 2 (n, z) = (n + 2t + 1, ψ 2 (z)) for all n ∈ Z and z ∈ Q 0 . Since t ∈ Z, we have 2t + 1 = 0. Then ρ m (n, z) = ρ 2u (n, z) = (n + u(2t + 1), ψ m (z)) = (n, z) for all n ∈ Z and z ∈ Q 0 . Thus φ m cannot have a fixed vertex in X , and (5.4) is proved. Since Aut 0 (Q) = Aut(Q), (5.4) enables us to define Zψ ∈ Aut(ZQ). Then since p(ρ) = ψ = p(Zψ), we have ρ = (Zψ)τ l for some l ∈ Z by (5.3). Since ρ m has a fixed vertex in X , we must have l = 0, thus ρ = Zψ, as desired.
What we have just shown above is expressed as follows: there is an isomorphism F : X → ZQ such that the diagram
is commutative. Suppose that ρ is expressed in another way, say we have a commutative
Then by these two diagrams we see that Zψ is conjugate to Zψ in Aut(ZQ). Hence by Lemma 5.2, ψ is conjugate to ψ in Aut(Q).
Lemma 5.4. Let A be a piecewise hereditary algebra of type Q for an admissibly oriented tree Q. Then there is a tilting triple (A, E, kQ) such that E is φ -stable up to isomorphisms for all φ ∈ Aut(A). In particular, for each φ ∈ Aut(A) there exists a tilting triple (A, E, kQ) with E φ -stable (by Remark 3.5).
Proof. Put B := kQ. When Q is a Dynkin quiver we put X 0 := Γ H b (⊕A) , and when Q is not a Dynkin quiver we keep the notation of Lemma 5.1. Since A is derived equivalent to B, we have a triangle equivalence
Let E be the full subcategory of H b (A) with {F (x) | x ∈ B} the set of objects. Then (A, E, B) is a tilting triple. Since the objects of B are contained in a component of the form ZQ, we may assume that E ⊆ X 0 . Let Q E be the full subquiver of X 0 formed by the objects of E. Then Q E is a section of X 0 because the full subquiver Q B of Γ H b (⊕B) formed by the objects of B is a section of the component of Γ H b (⊕B) containing it. Of course Q E ∼ = Q B ∼ = Q, and by these isomorphisms we identify Q with Q E . Then X 0 = ZQ. By Proposition 5.3 the component X 0 is stable underφ and ρ :=φ| X 0 has the form Zψ for some ψ ∈ Aut(Q). Hence Q = Q E is ρ -stable, which means that E is φ -stable up to isomorphisms.
The following proposition says that a twisted multifold extension of a piecewise hereditary algebra of tree type is derived equivalent to a twisted multifold extension of a hereditary tree algebra (Remark 4.2). Proof. This is immediate by the lemma above and Proposition 3.6.
For a morphism β : Q → R of quivers, we denote by kβ the induced algebra homo-
we have k(γβ) = (kγ)(kβ).
Remark 5.6. The automorphism ψ in Proposition 5.5 has the form kσ(φ) for some σ(φ) ∈ Aut(Q) which is uniquely determined up to conjugation in Aut(Q).
Stable AR-quivers and Invariants under stable equivalences
Let A be a locally bounded spectroid. We denote by N A the Nakayama functor mod A → mod A, which is known to be an equivalence when A is selfinjective. It is well-known that N A ∼ = Ω because NĤ = ν H (-). Accordingly,Ĥ is locally support-finite.
For a Galois covering R → R/G of locally bounded spectroid R with group G, we denote by Γ 
For a twisted multifold extension Λ of an algebra A, we apply this consideration to the canonical Galois coveringÂ → Λ.
Recall from Happel [9, Theorem II.4.9] that for an algebra A of finite global dimension, there exists a triangle equivalence D b (mod A) → modÂ such that the restriction to mod A is the identity. By this equivalence we identify Γ D b (mod A) and s ΓÂ, both of which contain Γ A .
Lemma 6.2. Let A be a piecewise hereditary algebra, Q a type of A, φ ∈ Aut(A)
and n an integer ≥ 1.
, where X i ∼ = ZQ and R i is the union of the regular components of Γ kQ for each i.
Proof. As noticed above, we have
, where X i ∼ = ZQ and R i is the union of the regular components of Γ kQ for each i ∈ Z. Since A has only finitely many objects, there is some In the next proposition, we describe the stable Auslander-Reiten quivers of twisted multifold extensions of piecewise hereditary algebras of tree type. Proposition 6.4. Let A be a piecewise hereditary algebra of type Q for an admissibly oriented tree Q, φ ∈ Aut(A) and n an integer ≥ 1. We show the statement (1) . Assume that Q is a Dynkin quiver. Then
Put m := m Q for short. The full subquiver of s ΓĤ consisting of η (H(-, x) ) with x ∈ Q 0 forms a section of s ΓĤ. Therefore the map Q → s ΓĤ defined by x → H(-, x) for all x ∈ Q 0 uniquely extends to an isomorphism Φ : ZQ → s ΓĤ of translation quivers. It is enough to show that the diagram
is commutative. To this end it suffices to show that the diagrams
are commutative. Since Zσ(φ) (resp.ψ(-)) commutes with the translation, the equality * for all c ∈ C, which we denote also by
) c∈C for all x ∈ (ΓĤ) 0 is injective. This shows the commutativity of the right diagram in (6.2). Assume that Q is a Dynkin quiver. Then both Λ and Π are representation-finite selfinjective algebras. Since they are stably equivalent, type(Λ) = type(Π), and hence Q ∼ = R and m = n by Proposition 6.6.
Next assume that Q is not a Dynkin quiver. Then by Proposition 6.4(2) we have
where X i ∼ = ZQ and R i is the union of the regular components of Γ kQ for each i. Further by Lemma 6.2 we have
where X i ∼ = ZR and R i is the union of the regular components of Γ kR for each i. But since Λ and Π are stably equivalent, we have s Γ Π ∼ = s Γ Λ , which implies that
is isomorphic to the union of some components of
is also an oriented tree. Again by Proposition 6.4(2) we have
Counting the number of components isomorphic to ZQ we get m = n.
Hereditary tree algebras
Let Q be an oriented tree and α : x → y an arrow in Q. Then we have kQ(x, y) = kα, and rad kQ(x, y)/ rad
for all x ∈ Q 0 , we can define a π(φ) ∈ Aut(Q). Here note that the actions of kπ(φ) and φ coincides on the set Q 0 of objects of kQ, i.e., that π(kπ(φ)) = π(φ). In this way we obtain a homomorphism π : Aut(kQ) → Aut(Q) of groups, which is called the canonical map. Moreover φ ∈ Ker π if and only if φ(x) = x for all x ∈ Q 0 , and then the correspondence φ → (φ α ) α∈Q 1 provides us an identification
We denote by Aut(Q)/∼ the set of conjugacy classes in Aut(Q). We then define a map π : Aut(kQ) → Aut(Q)/∼ as the composite
where the last one is the canonical surjection.
Remark 7.1. Let Λ be a twisted multifold extension of a piecewise hereditary algebra A of tree type Q, say Λ = T n φ (A) with φ ∈ Aut(A) and n an integer ≥ 1. We may assume that Q is admissibly oriented (Remark 4.2). Then by Proposition 5.5, Λ is derived equivalent to T n ψ (kQ) for some integer n ≥ 1 and some ψ ∈ Aut(kQ). Here ψ has the form ψ = kσ(φ) for some σ(φ) ∈ Aut(Q), and the conjugacy class σ(φ) in Aut(Q) of σ(φ) is uniquely determined by φ (Remark 5.6). Then we have π(ψ) = σ(φ). Proposition 7.2. Let Q be an admissibly oriented tree, φ, ψ ∈ Aut(kQ) and n an integer ≥ 1. Consider the following three conditions.
( Assume now that Q is not a Dynkin quiver. Let F : mod Λ → mod Π be a triangle equivalence. Then F commutes with both the Auslander-Reiten translations and the loop functors, i.e., we have
for all X ∈ mod Λ. Now let λ Λ : modÂ → mod Λ and λ Π : modÂ → mod Π be pushdown functors. Then since they are exact and preserve projectivity and almost split sequences, they commute with both the Auslander-Reiten translations and the loop functors. Hence we have
2)
for all X ∈ modÂ. By Proposition 6.4(2), we have
, and
where X i ∼ = X i ∼ = ZQ and R i ∼ = R i ∼ = the union of the regular components of Γ A for each i. Define Q Λ (resp. Q Π ) to be the full subquiver of s Γ Λ (resp. s Γ Π ) with the set of vertices {λ Λ η (A(-, x) )|x ∈ Q 0 } (resp. {λ Π η (A(-, x) )|x ∈ Q 0 }). Then by Lemma 2.6 we can identify, say, X 0 = ZQ Λ and X 0 = ZQ Π . Since Ω Π : mod Π → mod Π is an equivalence of triangulated categories, we can replace F by Ω a Π F , if necessary, for some a ∈ Z to have F (X 0 ) = X 0 . Then F induces an isomorphism ZQ Λ → ZQ Π . Sinceφ (resp.ψ) commutes with ν A by Lemma 2.3, we see thatφ(-) (resp.ψ(-)) commutes witĥ
). Therefore we can define φ ∈ Aut( s Γ Λ ) and ψ ∈ Aut( s Γ Π ) by the commutative diagrams s ΓÂφ (-, x) )) for all x ∈ Q 0 . Then by Lemma 2.7 and (7.4) we have commutative diagrams:
These yield commutative diagrams:
Next we show the commutativity of the following diagram.
Since F, φ , ψ are quiver morphisms, and since X 0 = ZQ Λ has no double arrows, it is enough to show that F φ x = ψ F x for all vertices x of X 0 . Let x be a vertex of X 0 . Then there exist vertices y and z of s ΓÂ such that λ Λ (y) = x and λ
Now by (7.2), (7.1) and (7.4) we have
Further by (7.3) and (7.4), we have
It follows from these equalities that N n Π F φ x = N n Π ψ F x for all x ∈ X 0 . This verifies the commutativity of (7.6) because N Π is an equivalence. By (7.5) and (7.6) we see that Zπ(φ) is conjugate to Zπ(ψ) in Aut(ZQ). Hence π(φ) is conjugate to π(ψ) in Aut(Q) by Lemma 5.2. 
for all x [i] ∈Q 0 with x ∈ Q and i ∈ Z. Then we show the following.
Claim. For each morphism
It is enough to show the claim for each f = µ with µ a path from x to y inQ becausê A(x, y) is spanned by such µ's. First we determine the actions of g and h on arrows of
and for each µ
Letq be the automorphism ofQ defined byq(
Indeed, for each arrow
For each arrow µ
Here µ
is a basis of the 1-dimensional vector space kQ(φy, φx) and is sent to 1 by both µ
). The rest follows similarly.
We now show the claim. For each arrow α [i] :
). Thus by (7.7) we havê
. By (7.7) this means that
Hence the claim holds for each f = α with α ∈Q 1 . Finally let µ be a path x = x 0
as desired. Then the assertion follows from the claim by applying the following more general statement toÂ.
Proposition 7.4. Let R be a locally bounded spectroid and g, h automorphisms of R acting freely on R. Assume that there exists a function
Proof. By assumption, g and h has the same action q on the set obj(R) of objects of R. Hence obj(R/ g ) = obj(R/ h ) = obj(R)/ q . Let S be a complete set of representatives of q -orbits in obj(R). We identify obj(R)/ q with S by the bijection S → obj(R)/ q , x → q x. For each x ∈ S and n ∈ Z, set
The we clealy have
for all x ∈ S and n ∈ Z. We now define a functor
because for each a, b ∈ Z, we have by (7.8)
, where
Obviously F is k-linear. Hence F is a functor. By the form of F , it is clear that F turns out to be an isomorphism.
Remark 7.5. In the proposition above, if R is Schurian, i.e., if R(x, x) = k1l x for all x ∈ R, then the assumption stated there is equivalent to saying that the two funcotrs g and h are naturally isomorphic. and I x is the ideal of kP generated by For each arrow λ : a → b in P , we see from the presentation of Λ x that rad 2 Λ x (a, b) = 0 and that rad Λ x (a, b) = kλ, where λ := λ + I x ∈ Λ x . By this fact it is easy to see that for x, y ∈ k × we have T Proof. In this case we have Aut(Q) = Aut 0 (Q) = Aut(Q). Hence this is a direct consequence of Proposition 6.7, Proposition 7.2 and Corollary 7.7.
Types and Main theorem
The following statement enables us to define the derived equivalence type of a twisted multifold extension of a piecewise hereditary algebra of tree type. Proof. This follows by Proposition 6.7, Proposition 7.2 and Remark 7.1.
Definition 8.2. For a twisted multifold extension Λ of a piecewise hereditary algebra
A of tree type Q, say Λ = T n φ (A) with φ ∈ Aut(A) and n an integer ≥ 1, we define the (derived equivalence) type typ(Λ) of Λ to be the triple (Q, n, σ(φ)) (we identify Q with its isoclass). By Proposition 8.1, typ(Λ) is uniquely determined by Λ because Λ is stably equivalent to itself.
The following statement shows that the notion of the derived equivalence type typ(Λ) defined above is an extension of that of the type type(Λ) defined in the representationfinite case. Proof. This follows by Corollary 6.5, Proposition 6.6 and Proposition 7.2.
We state our main result.
Combining this with Proposition 8.1 we obtain the following. 
